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Abstract. The fractional Laplacian (— A) 7//2 commutes with the primary 
coordination transformations in the Euclidean space K d : dilation, translation 
and rotation, and has tight link to splines, fractals and stable Levy processes. 
For < 7 < d, its inverse is the classical Riesz potential / 7 which is dilation- 
invariant and translation-invariant. In this work, we investigate the functional 
properties (continuity, decay and invertibility) of an extended class of differen- 
tial operators that share those invariance properties. In particular, we extend 
the definition of the classical Riesz potential / 7 to any non-integer number 7 
larger than d and show that it is the unique left-inverse of the fractional Lapla- 
cian (— A) 7 / 2 which is dilation-invariant and translation-invariant. We observe 
that, for any 1 < p < 00 and 7 > d(l — 1/p), there exists a Schwartz function 
/ such that I~/f is not p-integrable. We then introduce the new unique left- 
inverse Iry p of the fractional Laplacian (—A) 7 / 2 with the property that I~ p is 
dilation-invariant (but not translation-invariant) and that I-y, p f is p-integrable 
for any Schwartz function /. We finally apply that linear operator / 7 P with 
p = 1 to solve the stochastic partial differential equation (— A) 7 / 2( I> = w with 
white Poisson noise as its driving term w. 

1. Introduction 

Define the Fourier transform Tf (or / for brevity) of an integrable function / 
on the d-dimensional Euclidean space Mr by 

(1.1) J-/(0 := f e -^«>/(x)dx, 

and extend the above definition to all tempered distributions as usual. Here we 
denote by (•, •) and || • || the standard inner product and norm on M. d respectively. 

Let S := S{R d ) be the space of all Schwartz functions on R d and S' := S'(R d ) 
the space of all tempered distributions on M. d . For 7 > 0, define the fractional 
Laplacian (—A) 7 / 2 by 

(1.2) j-((-Ar /2 /xo := up -F/m /eS. 

The fractional Laplacian has the remarkable property of being dilation- invariant. 
It plays a crucial role in the definition of thin plate splines [4| , is intimately tied to 
fractal stochastic processes (e.g., fractional Brownian fields) [3 [12] and stable Levy 
processes [3] , and has been used in the study of singular obstacle problems HO] . 

In this paper, we present a detailed mathematical investigation of the functional 
properties of dilation-invariant differential operators together with a characteriza- 
tion of their inverses. Our primary motivation is to provide a rigorous operator 
framework for solving the stochastic partial differential equation 

(1.3) (-A) 7/2 $ = w 
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with white noise w as its driving term. We will show that this is feasible via the 
specification of a novel family of dilation-invariant left-inverses of the fractional 
Laplacian (—A) 7 / 2 which have appropriate L p -boundedness properties. 

We say that a continuous linear operator I from S to S' is dilation-invariant if 
there exists a real number 7 such that 

(1.4) I(6tf)=P5 t (If) for all / G <S and t > 0, 
and translation-invariant if 

(1.5) I(r xa f) = T X0 (If) for all / G S and x G R d , 

where the dilation operator St,t > and the translation operator r XD ,Xo G R d are 
defined by (5 t /)(x) = /(tx) and r xo /(x) = /(x - x ),/ G 5, respectively. One 
may verify that the fractional Laplacian (—A) 7 / 2 , 7 > 0, is dilation-invariant and 
translation-invariant, a central property used in the definition of thin plate splines 

Next, we define the Riesz potential J 7 ([9]) by 

(1.6) / 7 /(x)=7T-"/ 2 2-> r( ^ ~7 )/2) / ||x-y|r<V(y)dy, / G S, 

where < 7 < d. Here the Gamma function V is given by T(z) = f Q t z ~ 1 e~ t dt 
when the real part Re z is positive, and is extended analytically to a meromorphic 
function on the complex plane. For any Schwartz function /, J 7 / is continuous and 
satisfies 

(1.7) |/ 7 /(x)| <C e (sup |/(z)|(l + ||z||) d+t )(l + ||x||) 7 - d forallxGK d , 

where e > and C e is a positive constant, see also Theorem 12.11 Then the Riesz 
potential 7 7 is a continuous linear operator from S to S' . Moreover one may verify 
that 7 7 is dilation-invariant and translation-invariant, and also that I 7 ,0 < 7 < d, 
is the inverse of the fractional Laplacian (—A) 7 "/ 2 ; i.e., 

(1.8) 7 7 (-A) 7 / 2 / = (-A) 7 / 2 / 7 / = / for all feS 
because 

(1.9) HWO = U\rmO, fes. 

A natural question then is as follows: 

Question 1: For any 7 > 0, is there a continuous linear operator I from S to 
S' that is translation-invariant and dilation-invariant, and that is an inverse of the 
fractional Laplacian (—A) 7 "/ 2 ? 

In the first result of this paper (Theorem II .![) , we give an affirmative answer 
to the above existence question for all positive non-integer numbers 7 with the 
invertibility replaced by the left-invertibility, and further prove the uniqueness of 
such a continuous linear operator. 

To state that result, we recall some notation and definitions. Denote the dual pair 
between a Schwartz function and a tempered distribution using angle bracket (■, ■}, 
which is given by (/, g) = f Rd f(x)g(x)dx when f,g G S (we remark that the dual 
pair between two complex-valued square-integrable functions is different from their 
standard inner product). A tempered distribution / is said to be homogeneous 
of degree 7 if (f,6tg) = t r ~ d (f,g) for all Schwartz functions g and all positive 
numbers t. We notice that the multiplier ||£||~ 7 in the Riesz potential 7 7 , see (|1.9| . 
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is a homogenous function of degree —7 G (— d, 0). This observation inspires us 
to follow the definition of homogeneous tempered distribution in [7] and then to 
extend the definition of the Riesz potential 7 7 to any non-integer number 7 > d as 
follows: 



where S 71 ^ 1 — {£' G K d : ||£'|| = 1} is the unit sphere in R d , da is the area element 
on iS" -1 , and kg is a nonnegative integer larger than 7 — d. Integration by parts 
shows that the above definition (|1.10[) of I 1 f is independent on the nonnegative 
integer ko as long as it is larger than 7 — d, and also that it coincides with the 
classical Riesz potential when < 7 < d by letting fco — and recalling that the 
inverse Fourier transform J 7-1 / of an integrable function / is given by 



Because of the above consistency of definition, we call the continuous linear operator 
/ 7 ,7 € (0, oo)\(Z + + d) in Ql.lOp the generalized Riesz potential, where Z + is the 
set of all nonnegative integers. 

Theorem 1.1. Let 7 be a positive number with 7 — d Z+, and let J 7 be the linear 
operator defined by (jl.lOp . Then 7 7 is the unique continuous linear operator from 
S to S' that is dilation-invariant and translation-invariant, and that is a left inverse 
of the fractional Laplacian (—A) 7 / 2 . 

Let L p :— L p (R d ), 1 < p < 00, be the space of all p-integrable functions on M. d 
with the standard norm || ■ || p . The Hardy-Littlewood-Sobolev fractional integration 
theorem says that the Riesz potential J 7 is a bounded linear operator from 

L q to L p when l<p<oo,0<7< d(l — 1/p) and q = pd/(d + jp). Hence 
I-yf G L p for any Schwartz function / when < 7 < d(\ — 1/p). We observe 
that for any non- integer number 7 larger than or equal to c?(l — 1/p), there exists 
a Schwartz function / such that /„/ G" L p . see Corollary 12.161 An implication 
of this negative result, which will become clearer in the sequel (cf. Section 4), 
is that we cannot generally use the translation-invariant inverse J 7 to solve the 
stochastic partial differential equation (|1.3p . What is required instead is a special 
left-inverse of the fractional Laplacian that is dilation-invariant and p-integrable. 
Square-integrability in particular (p = 2) is a strict requirement when the driving 
noise is Gaussian and has been considered in prior work [12j ; it leads to a fractional 
Brownian field solution, which is the multi-dimensional extension of Mandelbrot's 
celebrated fractional Brownian motion [U [8] . Our desire to extend this method of 
solution for non-Gaussian brands of noise leads to the second question. 

Question 2: Let 1 < p < 00 and 7 > 0. Is there a continuous linear operator I 
from S to S' that is dilation-invariant and a left-inverse of the fractional Laplacian 
(—A) 7 / 2 such that If G LP for all Schwartz functions f? 

In the second result of this paper (Theorem |1.2|) , we give an affirmative answer 
to the above question when both 7 and 7 — d(l — 1/p) are not integers, and show 
the uniqueness of such a continuous linear operator. 

To state that result, we introduce some additional multi- integer notation. For 
x = (xi, . . . , Xd) G M d and j = (ji,...,jd) G Z^ (the d-copies of the set Z+), 



(1.10) 




(1.11) 
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we set |j| := + • • • + \j d \, j! := ji! • ■ ■ j d l with 0! := 1, x> := xj 1 • • • x 3 d d and 
(?j/(x) := d 3 x \ ■ ■ ■ <9^/(x). For 1 < p < oo and 7 > 0, we define the linear operator 
J 7iP from S to S' with the help of the Fourier transform: 

(1.12) -F(wxo = (>/(£)- E ffl(J .f )(0) e J )ngir, /es, 

|j|<7-d(l-l/p) 

which is the natural LP extension of the fractional integral operator that was intro- 
duced in [U [HI [13] for p = 2 and 7 g Z/2. 

We call 7 7! p the p-integrable Riesz potential of degree 7, or the integrable Riesz 
potential for brevity. Indeed, when both 7 and 7 — d(l — 1/p) are non-integers, the 
linear operator J 7iP is the unique left-inverse of the fractional Laplacian (—A) 7 / 2 
that enjoys the following dilation-invariance and stability properties. 

Theorem 1.2. Let 1 < p < 00, and 7 is a positive number such that both 7 and 
^/ — d+d/p are not nonnegative integers. Then J 7 . p in (|1.12j) is £/ie unique dilation- 
invariant left-inverse of the fractional Laplacian (—A) 7 / 2 smc/i that its image of the 
Schwartz space S is contained in L p . 

One of the primary application of the p-integrable Riesz potentials is the con- 
struction of generalized random processes by suitable functional integration of white 
noise [321 021 03] ■ These processes are defined by the stochastic partial differential 
equation (|1.3|l , the motivation being that the solution should essentially display the 
same invariance properties as the defining operator (fractional Laplacian). In par- 
ticular, these processes will exhibit some level of self-similarity (fractality) because 
/ 7i p is dilation- invariant. However, they will in general not be stationary because 
the requirement for a stable inverse excludes translation invariance. It is this last 
aspect that deviates from the classical theory of stochastic processes and requires 
the type of mathematical safeguards that are provided in this paper. While the 
case of a white Gaussian noise excitation is fairly well understood [T^] , it is not yet 
so when the driving term is impulse Poisson noise which leads to the specification 
of sparse stochastic processes with a finite rate of innovation. The current status 
has been to use the operator L 1 ^ to specify sparse processes with the restriction 
that the impulse amplitude distribution must be symmetric (141 Theorem 2]. Our 
present contribution is to show that one can lift this restriction by considering the 
operator I 7) i, which is the proper inverse to handle general impulsive Poisson noise. 

To state our third result, we recall some concepts about generalized random 
processes and Poisson noises. Let T> be the space of all compactly supported C°° 
functions with standard topology. A generalized random process is a random func- 
tional $ defined on T> (i.e., a random variable $(/) associated with every / 6 V) 
which is linear, continuous and compatible [B]. 

The white Poisson noise 

(1.13) uj(x) := E fl fc£(x - x fe ) 

is a generalized random process such that the random variable associated with a 
function / G T> is given by 



(1.14) 



w (f) : = ^2a k f(x k ), 

fcez 
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where the a^'s are i.i.d. random variables with probability distribution P(a), and 
where the x^'s are random point locations in R n which are mutually independent 
and follow a spatial Poisson distribution with Poisson parameter A > 0. The 
random point locations X& in R™ follow a spatial Poisson distribution with Poisson 
parameter A > meaning that for any measurable set E with finite Lebesgue 
measure \E\, the probability of observing n events in E (i.e., the cardinality of 
the set {k\ x& e E} is equal to n) is exp(— A|£'|)(A|£ , |) n /n!. Thus, the Poisson 
parameter A represents the average number of random impulses per unit. 

As the white Poisson noise w is a generalized random process, the stochastic 
partial differential equation (|1.3[) can be interpreted as the following: 

(1.15) (<Z>,(-A)^ 2 f) = (w,f) for all f eV. 

So if I is a left-inverse of the fractional Laplacian operator (—A) 7 / 2 , then 

(1.16) $ = /*w 

is literally the solution of the stochastic partial differential equation (|1.3[) as 

(1.17) (Pw, (-Ay/ 2 f) = (w, I(-A)^ 2 f) = (w, f) for all / e V, 

where /* is the conjugate operator of the continuous linear operator / from S to 
S' defined by 

(I*f,g):=(f,Ig) for all f,g 6 S. 

The above observation is usable only if we can specify a left-inverse (or equivalently 
we can impose appropriate boundary condition) so that I*w defines a bona fide 
generalized random process in the sense of Gelfand and Vilenkin; mathematically, 
the latter is equivalent to providing its characteristic functional by the Minlos- 
Bochner Theorem (cf. Section 4). The following result establishes that P 7 iu := 
I* iW is a proper solution of the stochastic partial differential equation (jl.3p . where 
w is the Poisson noise defined by (|1.13[) . 

Theorem 1.3. Let 7 be a positive non-integer number, X be a positive number, 
P(a) be a probability distribution with J R \a\dP(a) < 00, and be defined as in 
()1.12j) . For any f G T>, define the random variable P-yW associated with f by 

(1-18) P 7 w(/):=53o fc J 7l i(/)(x fc ) 

k 

where the au 's are i.i.d. random variables with probability distribution P(a), and the 
Xfc 's are random point locations in R™ which are mutually independent and follow a 
spatial Poisson distribution with Poisson parameter A. Then P y w is the generalized 
random process associated with the characteristic functional 

(1.19) Z P , iW {f) = cxp fxf [ ( e -*»('7.i/)tt - l)dP(a)dx) , feV. 

The organization of the paper is as follows. In Section [21 we first introduce a 
linear operator Jn for any homogeneous function 51 € C°°(R d \{0}) of degree —7, 
where 7 — d $ Z+. The linear operator Jq becomes the generalized Riesz potential 
7 7 in (jl.lOp when fi(£) = ||^||~ 7 ; conversely, any derivative of the generalized Riesz 
potential 7 7 is a linear operator Jq associated with some homogeneous function O: 

0%/ = Jn 3 f for all f eS and jeZf, 
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where f2j(£) = (i£) J ll£ll~ 7 - We then study various properties of the above linear 
operator Jn, such as polynomial decay property, dilation- invariance, translation- 
invariance, left-invertibility, and non-integrability in the spatial domain and in the 
Fourier domain. The proof of Theorem 11.11 is given at the end of Section [2j 

In Section [3j we introduce a linear operator Un, P for any homogeneous function 
fl 6 C oo (IR <i \{0}) of degree —7, where 1 < p < 00. The above linear operator 
Un,p becomes the operator J 7iP in (|1.12[) when f2(£) = ||£|| 1 , and the operator 
Jn in (|2.1|) when < 7 < d(l — We show that the linear operator Un, P is 

dilation-invariant, translation-variant and p-integrable, and is a left-inverse of the 
fractional Laplacian (—A) 7 / 2 when f2(£) = |£|| -7 - The proof of Theorem 11.21 is 
given at the end of Section [31 

In Section [4] we give the proof of Theorem 11.31 and show that the generalized 
random process P 7 w can be evaluated pointwise in the sense that we can replace 
the function / in (|1.18[) by the delta functional 8. 

In this paper, the capital letter C denotes an absolute positive constant which 
may vary depending on the occurrence. 

2. Generalized Riesz Potentials 

Let 7 be a real number such that 7 - d g Z + , and let ft £ C oo (K <i \{0}) be 
a homogeneous function of degree —7. Following the definition of homogenous 
tempered distributions in [7], we define the linear operator Jn from S to S' by 







(2.1) x ^^y°^r(^f H r ) y rd(Tin /e5j 

where S*™ -1 — {£' £ M. d : |£'|| = 1} is the unit sphere in R d , da is the area element 
on iS™ -1 , and fco is a nonnegative integer larger than 7 — d. 

Note that the linear operator Jq in (|2.1[) becomes the generalized Riesz potential 
7 7 in (jl.lOp when f2(£) = ||^|| -7 and 7 > 0. Therefore we call the linear operator 
Jn iu (I2.ip </ie generalized Riesz potential associated with the homogeneous function 
O 0/ degree —7, or t/ie generalized Riesz potential for brevity. 

The above definition of the generalized Riesz potential is independent on the 
nonnegative integer fco as long as it satisfies fco > 7 — d, that can be shown by 
integration by parts. Then, for 7 6 (—00, d), we may take fco = and reformulate 
(IP) as follows: 



(2.2) J n /(x) = (27r)- d / e^^O/^R for all / e S, 

JR d 

or equivalcntly 

(2.3) Jh?(0=fl(0/(0 for all / € S, 

so that the role of the homogeneous function f2(£) in (|2.1[) is essentially that of the 
Fourier symbol for a conventional translation-invariant operator. 

Let <Soo be the space of all Schwartz functions / such that 9*/(0) = for all 
i £ Z^, or equivalently that J Rd x^f(x)dx = for all j £ Z^_. Given a homogenous 
function g C°°(IR d \{0}), define the linear operator in on 5oo by 

(2.4) i^f(o=mm, /e^. 
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Clearly in is a continuous linear operator on the closed linear subspace 5oo of S. 
For any function / £ Soo , applying the integration- by-parts technique ko times and 
noticing that lim e _> e^ 7 |9 i /(ef)l = for all £' £ S"^ 1 and i e %\, we obtain that 



= (27r)- d lim [ [ n(£')r d -T-V r < x,s '> f(r£')drda(?) 
(2.5) = (2n)- d f e^n(0f(0dt; = *n/(x). 



Hence the generalized Riesz potential Jn is the extension of the linear operator in 
from the closed subspace to the whole space S. 

In the sequel, we will study further properties of the generalized Riesz potential 
Jn, such as the polynomial decay property (Theorem 12. the continuity as a 
linear operator from S to S' (Corollarv l2.3|) . the translation-invariance and dilation- 
invariance (Theorem 12 .7p . the composition and left- inverse property (Theorem 12.81 
and Corollary I2.9[) . the uniqueness of various extensions of the linear operator in 
from the closed subspace to the whole space S (Theorems 12.111 and I2.14[) . the 
non-integrability in the spatial domain (Theorem I2.15j) . and the non-integrability 
in the Fourier domain (Theorem I2.17j) . Some of those properties will be used to 
prove Theorem ll.il which is included at the end of this section. 



2.1. Polynomial decay property and continuity. 

Theorem 2.1. Let 7 be a positive number with 7 — d $ Z+, fco be the smallest 
nonnegative integer larger than 7 — d, and let fl e C°°(R d \{0}) be a homogeneous 
function of degree —7. If there exist positive constants e and C e such that 

(2.6) |/(x)| < C e (l + ||x||r fc °- d - e for all x e M d , 
then there exists a positive constant C such that 

(2.7) |Jo/(x)|<c(sup|/(z)|(l + ||z||) fc «+ d + e )(l + ||x||r- d , xeR d . 

Proof. Noting that ( J:) V^«'> = *!(E|i|=, ^^)e ir ^ and (-ft)* " f(r?) = 

(ko — s)\ X}|j|=fc — s ^ - 1 -jr^ f° r all < s < ko, we obtain from the Leibniz rule 
that 

s=0 v 7 

= ( E ^|(^) i (e') i+j ^/K'))e lr ^' ) . 

|i|+IJ|=fco 1J ' 
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Substituting the above expression into (|2.ip we get 



j n /(x) = (-i) k » j2 



fco' . „r(27r)- d r(d-7) 



, . , . r(d+fc - 7 ) 



rfd-7) ko\, 

l+|j|=*o 



where f2i+j(£) = (i£) 1+ jf2(£) and /j(x) = x J /(x). Denote the inverse Fourier trans- 
form of fik, |k| = k , by Kk. Then ifk S C oo (R d \{0}) is a homogeneous function 
of degree 7 — fco — d (pH Theorems 7.1.16 and 7.1.18]), and hence there exists a 
positive constant C such that 



(2.9) l#k(x)| < CHxp-^ for all x e R d \{0}. 

For any e > and /3 £ (0, d), we have 

/ ||x-y||^(l+||y[[)- d -^y 



< 



( 



'l|y|l<(l|x|| + l)/2 "'(||x||+l)/2<||y||<2(||x|| + l) J |y||>2(||x|| + l) • 

l|x-y||^(l + ||y||)- d - e dy 
(2.10) < C(l + ||x||)-^. 

Combining (f2~%]l , (|231) and (|2"JUj) yields 



|Jn/(x)| < C X! I x l' i| / ^i+j(x-y)y j /(y) 



|i|+|j|=*o 



dy 



< C(l + ||x||) fc ° / ||x-y| 

JR d 



7-Ao-d/i 1 || v |h*o 



(i + l|y||) fco l/(y)My 



< c su P |/(z)|(i + ||z||)^+ £ (i + ||x||r- rf . 



This proves the desired polynomial decay estimate (|2.7|l . □ 
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For any / £ S and j £ with | j = 1 , it follows from (|2.ip that 
^(Jn/)(x) = Jh(0»/)(x) 



r(d+fc -7) Jsd-iJ 
x( - ^(e^VV^drMO 

r(d+fc -7j 7 S d-i Jo 



^ (^-^W« = WM, 

where Qj(£) = (i£) J fi(£). Applying the argument inductively leads to 

(2.11) &(J a f) = McPf) = Jn-J for all / £ S and j £ Z d + , 

where = (i£) J This together with Theorem 12.11 shows that Jq/ is a 

smooth function on K d for any Schwartz function /. 

Corollary 2.2. Let 7, fco and 51 &e as in Theorem ] 2. 11 If f satisfies (|2.6p /or some 
positive constants e and C e , then for any j £ lA with |j| < 7 there exists a positive 



constant Cj such that 



(2.12) |fli(J n /)(x)| < Cj( sup |/(z)|(l + || Z ||) fe "+ d + e )(l + ||x| 

An easy consequence of the above smoothness result about Jo/ is the continuity 
of the generalized Riesz potential Jq from S to S' . 

Corollary 2.3. Let 7 be a positive number with 7— d ^ Z + , and let ft £ C°°(R d \{0}) 
6e a homogeneous function of degree —7. T/ien i/ie generalized Riesz potential Jq 
associated with the homogeneous function fl is a continuous linear operator from S 
toS'. 

Now consider the generalized Riesz potential Jo when f2 is a homogeneous func- 
tion of positive degree a. In this case, 

Jo/(x) = (27r)- d [ e^QiOf^H for all / € S 

JR d 

by (|2.2[) . Applying the integration- by-parts technique then gives 

Jo/(x) = (2 7 r)- d (-zx i )- 1 £ A f e^cPmd k Km 

for any i £ Z+. This, together with the identity 

1= 2^ — 11 — (^pj(-^)> bl<M, 



|i|=M-|j| 
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leads to the following estimate of Jn/(x): 

|Jn/(x)| < C(l + ||x||)-M Yl |/ e <M «|,i(f)^/(0« 

|j|+|k|<M,|l|=ral-|j| jRd 

< c(i + ||x||)-w 

|j|+|k|<ral,|l|+|j|=M 

where \a] is the smallest integer larger than a, = <9jf2(£)(i£/||£|| 2 )\ and 

= (-i0 1 d k f(0- Note that e C°°(K d \{0}) is a homogeneous function of 
degree a — \a] < when | j | + 1 1 1 = \a] , and also that functions f\ t k (x) , | k| , 1 1| < \a] 
are linear combinations of x 1 d } f(x), |i|, |j| < \a\. We then apply Theorem 12.11 to 
obtain the following polynomial decay estimate of Jq/ when f2 is a homogeneous 
function of positive degree: 

Proposition 2.4. Let a be a positive non-integer number, and £1 6 C°°(]R d \{0}) 
&e a homogeneous function of degree a. If there exist positive constants e and C e 
such that 

J2 |97(x)| < C e (l + ||x||)-M- d - £ for all x G R d , 

iii<r«i 

£/ien £/iere exists a positive constant C such that 

-a — d 



(2.13) |Jo/(x)|<C £ sup |97(z)|(l + ||z||)W+^ (l+||x| 

|i|<M zeRd ' 

for all xelf 

The estimates in (I2.7[) and (I2.13[) indicate that the generalized Riesz potential 
Jn/ has faster polynomial decay at infinity when the degree of the homogeneous 
function Q becomes larger. Next, we show that the generalized Riesz potential Jji/ 
has faster polynomial decay at infinity when / has vanishing moments up to some 
order; i.e., 

(2.14) f x7(x)dx - 0, |i| < m 

JR d 



where too > 0. In this case, 9'/(0) = for all |i| < too, and hence 

too + 1 f l 

Ikl— mo+1 



(2.15) /(£)= £ ^+1 ffpfteXl-t^db 



by the Taylor expansion to / at the origin. Now we assume that f2 6 C oo (IR' i \{0}) 
is a homogeneous function of degree a £ (—too — 1, oo)\Z. Then 

|jn/(x)i < c v / / \c\ a+m " +i \d k f(to\d^dt+c f ieri/(0K 

\k\= mo+ i Jo J M\& J\t\>i 

(2.16) < C sup ((l + ||e||) M+d |97(0l) 

|i|< mo +i« eRd 
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for all x e R d with ||x|| < 1, and 
|Jn/(x)| < C Yl ft 

II.! , JO JR d 



w^woemd* Attn 



dt 



k[— mo + 1 ' 



+C| / e"*^) (1-0(0)^(0/(0^1 



< c(i + ||x||)-r Q i- m °- d { 53 

|k|=m +l,|j|<[Q!l+mo+d 

-1 



^(0(ii X |ioe k ^(O9 k />o)|^} 



/0 JR d 

-C(l + \\x\\)-W- m °- d 



1 E 

|k|=mo+l,|j|< fal+mo+d+l 



(2.17) 



: C 



^"((0(0 - <K||x|10)£ k ft(09 k /(«0) 

C(l + || x ||)-W-"»o-d-i 

x{ E / |^((i- 0(0)^(0/(0)1^} 
( 53 S up (i+ neii) w+d |57(0i) (l+iixii)-™-^ 1 

|i|<[a]+2m +<i+2 



for all x S R d with ||x|| > 1, where is a C°° function such that 0(0 = 1 for 
all £ in the unit ball £>(0, 1) centered at the origin, and 0(0 = for all £ not in 
the ball B(0, 2) with radius 2 and center at the origin. This proves the following 
result about the generalized Riesz potential Jnf when / has vanishing moments 
upto some order. 

Proposition 2.5. Let m >0,ae (-m - l,oo)\Z, and Q E C°°(R d \{0}) be a 
homogeneous function of degree a. Then the following statements hold. 

(i) If f satisfies (|2.14|) and 

(2.18) 53 sup(i + u\\) w+d \&Kt)\ < », 

|i|< rQl+2m n +d+2 ^ £Rd 

then there exists a positive constant C such that 

|Jn/(x)| < c( 53 sup(l + ||el|) ral+,I |5 1 /(0l) 

\i\<\a'\+2ma+d+2^ md 

(2.19) x(l + Hxll)-"-" 10 -^ 1 forallxeR d . 

(ii) If f satisfies (|2. 141) and 

(2.20) 53 sup ((1 + \\z\\)^ +2mo+2d+2+e \^f(z)\) < oo 

|i|<max(ral+d,0) zeRd 
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for some e > 0, then 
|Jq/(x)| < c( E su p ((l + l|z||) M+2mo+2d+2+£ |97(z) 

|i|<max([Q]+d,0) zGM<i 

(2.21) x(l + || x ||)-«-''«o-d-i for all x e R d. 



The conclusions in Proposition ^ . 5l do not apply to the generalized Riesz potential 
Jfif where O £ C°°(R d \{0}) is a homogeneous function of degree zero. In this case, 
applying the argument used to establish (|2.16p and (|2.17p . we have that 

(2.22) |J n /(x)| < C sup((l+||^||) d+£ |97(e)l) 

|i|<m + l 4eR<i 

for all x e K d with ||x|| < 1, and 
|Jn/(x)| < C(l + \\x\\)- m °- d 

x{ E / / ^{^Moemd^fito^dt} 

|k|=m + l,|j|<mo+d 

+<7(l+||x||)- m E 

|k|=mo + l,|j| + |l|<mo+d+l,|j|<mo+d 



JR d 



\cv(m)-mx\m k m)\ * |5 k+i />o)|^} 



+C(l + ||x||)- m °- d - 2 e 

|k|=m +l,|j|+|l|<m +d+2,|I|<l 



|^((0(O-0(HO)^(O)| x |5 k+1 /(t0)|^} 
+c(i + ||x||)- m °- d - 1 E / W- 



\j\<m +d+l ' 



(2.23) < C( E sup(l + ||e||) d+£ |9 i /(e)l)(l + l|x 



i|<2m +d+2^ Gl 



-m.Q—d—1 



for all x e R d with ||x|| > 1, where e g (0, 1). Therefore 

Proposition 2.6. Let Q 6 C°°(R d \{0}) &e a homogeneous function of degree zero. 
Then the following statements hold. 

(i) // / satisfies (|2.14[) for some mo > and 

E sup(l + ||£||) d+e |d7(0l<°° 

|i|<2m +d+2£ eRd 

/or some e > 0, then there exists a positive constant C such that 
|Jn/(x)|<a( E sup j (l+||e||) d+e |57(C)|)(l+||x||)- m °- d - 1 forallxeR d . 

|i|<2m +d+2 £ eRd 

(ii) // / satisfies (|2.14[) for some mo > and 

E sup ((1 + ||z||) 2m «+ 2d + 2+e |d7 (z)|) < co 

|i|<d+l z6Rd 



FRACTIONAL LAPLACIAN AND SPARSE STOCHASTIC PROCESSES 



13 



for some e > 0, then 

|Jn/(x)| < c( £ ((i + ihd^+^+^/Cz)! 
lil<d+l zeMd 

x(l + Hxll)-™ -^ 1 forallx£R d . 

2.2. Translation-invariance and dilation-invariance. In this subsection, we 
show that the generalized Riesz potential Jo from S to S' is dilation-invariant and 
translation-invariant, and that its restriction on the closed subspace iSoo of S is the 
same as the linear operator «o on Soo. 

Theorem 2.7. Let 7 £ R with 7 - d ^ Z+, fie C°°(R d \{0}) 6e a homogeneous 
function of degree —7, and let Jq be defined by (|2.1[) . TTien 

(i) Jo is dilation-invariant; 

(ii) Jq is translation-invariant; and 

(hi) Jn/(0 = ft(0f(0 f or any function f £ S^. 
Proof, (i) For any f £ S and any £ > 0, 

r(d + fc -7) J S d-iJ 

x(- ^°(e ir(x ^/K7i))"(r) = t-T*t(J n /)(x), 

where the first equality follows from 5tf(£) = t^ d f{^/t) and the second equality 
is obtained by change of variables. This leads to the dilation-invariance of the 
generalized Riesz potential Jo- 

(ii) For any / £ 5 and a vector xo £ R d , we obtain from (|2.1j) that 

d s k 



(- ^) k °(e^~^f(rO)drdo-(0 = Jo/(x-x ), 



where fco is a nonnegative integer larger than 7 — 0?. This shows that the generalized 
Riesz potential Jo is translation- invariant. 

(Hi) The third conclusion follows by taking Fourier transform of the equation 
?31) on both sides. □ 



2.3. Composition and left-inverse. In this subsection, we consider the compo- 
sition and left-inverse properties of generalized Riesz potentials. 

Theorem 2.8. Let and 72 £ R satisfy 72 < 71 + 72 < d and 71 — d g" Z +; 
and let fli,fl 2 S C°°(R d \{0}) be homogeneous functions of degree —71 and —72 
respectively. Then 

(2.24) JnAJnJ) = Jn t nJ for all / e 5. 

As a consequence of Theorem 12. 81 we have the following result about left- 
invertibility of the generalized Riesz potential Jo- 

Corollary 2.9. Let 7 £ (-d,oo) with 7 - d £" 7L+ and (1 £ C oo (R <i \{0}) 6e 
homogeneous of degree —7 urai/i 0(£) ^ /or <J/ £ £ S 1 . Then Jo Jo- 1 * s an 
identity operator on S. If we further assume that 7 £ (— d, d), then both Jo- 1 Jo 
and Jo Jo- 1 are identity operators on S. 
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Taking £!(£) = ||£|| 7 in the above corollary yields that the linear operator I 1 in 
(|1.10[) is a left-inverse of the fractional Laplacian (—A) 7 / 2 . 

Corollary 2.10. Let 7 be a positive number with 7 — d ^ Z+. ITien I 1 is a 
left-inverse of the fractional Laplacian (—A) 7 / 2 . 

Proof of Theorem \2.8[ Let fco be the smallest nonnegative integer such that ko — 
71 +d > 0, and set 0(0 = fii(f)fi 2 (£)- If fc o = 0, then the conclusion (|2~24"|) follows 
from (12.21) . Now we assume that ko > 1. Then 



r(d + fc -71) ^oJs'i- 1 



x{r(-l)*°(e^>/(rOr-^- 
r(d + A;o-7i) ^oJ sd - 1 J e vw 



lim / / n(C')r ko+d ~' yi ~ 1 



dr7 

(27r)- d r(d + fco- 7l 

r(d + fco— 71) ^oJ S d-i 

xfe^'^fir^y-^-^drda^') 

= Jn^/W forallxeM d , 

where the second equality is obtained by applying the integration-by-parts tech- 
nique and using the fact that e k o+ d -n (^jL^ ( e «"( x ^ ^/(r^')r~ 72_1 ) | _ converges 
to zero uniformly on £ 6 S^ 1 under the assumption that 71+72 < d. The con- 
clusion (|2.24l) then follows. □ 



2.4. Translation-invariant and dilation-invariant extensions of the linear 
operator in. In this subsection, we show that the generalized Riesz potential Jq 
in (|2.ip is the only continuous linear operator from S to S' that is translation- 
invariant and dilation- invariant, and that is an extension of the linear operator in 
in (|2.4|1 from the closed subspace 6>oo to the whole space S. 

Theorem 2.11. Let 7 be a positive number with 7 — d £ Z + . £1 € C°°(IR d \{0}) &e 
a nonzero homogeneous function of degree —7, and let Jn be defined by (12. 1| . TTien 
L is a continuous linear operator from S to S' such that I is dilation-invariant and 
translation-invariant, and that the restriction of I on Soa is the same as the linear 
operator in in (|2.4| if and only if L — Jn- 

To prove Theorem 12.111 we need two technical lemmas about extensions of the 
linear operator in on £00. 

Lemma 2.12. Let 7 be a positive number with 7 — d ^ Z + . £1 e C°°(R d \{0}) 
be a homogeneous function of degree —7, and let Jn be defined by (|2.1| . Then a 
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continuous linear operator I from S to S' is an extension of the linear operator in 
on Sea if and only if 

(2.25) If = Jnf+ £ 

|i|<JV 

for some integer N and tempered distributions Hi, i G with |i| < N. 

Proof. The sufficiency foliows from Theorem 12 . 71 and the assumption that Hi, i < 
N, in (|2.25p are tempered distributions. Now the necessity. By Coroliarv 12.31 and 
Theorem 12 .71 I — Jn is a continuous linear operator from S to S' that satisfies that 
(7 — Jn)f = for all / G Soo. This implies that the inverse Fourier transform of 
the tempered distribution (I — Jn)*9 is supported on the origin for any Schwartz 
function g. Hence there exist an integer N and tempered distribution Hi, |i| < N, 
such that J 7 ~ 1 ((I — Jn)*g) = S|i|<jv(ff> Hi}S^ /i!, where the tempered distributions 
<5«,i G T.%, are defined by (jW, /) = 97(0) [3 Theorem 2.3.4]. Then ((I - 
■/h)/,S> = (f^'Kl - Jn)*g) = E| i |<Ar(^i I .9)5 i /(0)/i! for all Schwartz functions 
/ and g, and hence (|2.25[) is established. □ 

Lemma 2.13. Let 7 be a positive number with 7 — d ^ Z+, and consider the 
continuous linear operator K from S to S' : 

(2.26) Kf=J2 f e S 

\i\<N 

where N G Z + and Hi,\i\ < N , are tempered distributions, Then the following 
statements hold. 

(i) The equation 

(2.27) K(S t f)=t-"<6 t (Kf) 

holds for any f G S and t > if and only if for every i G with |i| < N, 
Hj is homogeneous of degree 7 — d — |i|. 

(ii) The linear operator K is translation- invariant if and only if there exists a 
polynomial P of degree at most N such that Hi = (~id) l P for all i G lA. 
with |i| < N. 

(iii) The linear operator K is translation- invariant and satisfies (|2.27j) if and 
only ifHi = for all i G l\ with |i| < N. 

Proof, (i) The sufficiency follows from the homogeneous assumption on Hi, |i| < 
N , and the observation that 

(2.28) 9 S O(0) = t-^d^iO) for all / G S and i G %%. 

Now the necessity. Let be a C°° function such that 4>(0 = 1 f° r a ll C £ B(0, 1) 
and <p(£) = for all £ ^ B(0, 2), where B(x, r) is the ball with center x G R d and 
radius r > 0. Define tpi G S, i G lA, with the help of the Fourier transform by 

(2.29) mo = !<K£). 

One may verify that 

(2.30) ^i(o) = { J !^' = j; 
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For any i £ Z^ with |i| < N, the homogeneous property of the tempered distribu- 
tion Hi follows by replacing / in (|2.27|) by tpi and using (|2.30|) . 
(ii) (<=) Given / £ S and x £ R d , 

|i|<ATj+k=i 

ki 



HW(o)/ ^ ffl +k P(x) k \ 



|j|<JV J ' |k|<iV-|j| 

(2.31) = E H)J ^ /(0) ffli 3 (x-xo) = g/(x-x ), 
where the first equality follows from 

(2.32) a ; C/(0) = E (!) (- l x ) i - j ^/(0), 

j<i ^ 

and the third equality is deducted from the Taylor expression of the polynomial 
cfi P of degree at most N — | j | . 

(=>) By (|2.32[) and the translation-invariance of the linear operator K, 

|i|<jVj+k=i ' J ' | i| <7V J ' 

holds for any Schwartz function / and Xo £ M. d . Replacing / in the above equation 
by the function ipo in (|2.29|) and then using (|2.30p . we get 

(2.34) r X0 H = £ tlpl H , 

\i\<N 

This implies that (H ,g(- + x )) = J2\i\< N ^^(Hug) for any Schwartz function 
g. By taking partial derivatives <9 k , |k| = N + 1, with respect to xo of both sides of 
the above equation, using the fact that d x 1 = for all k £ Z+ with |k| = N + 1, 
and then letting Xo = 0, we obtain that (Hcd^g) = holds for any g £ S and 
k G Z + with |k| = N + 1. Hence Hq = P for some polynomial P of degree at 
most N. The desired conclusion about Hi, |i| < TV, then follows from (|2.34|) and 

Txo^o(x) = 5Z|i|<jv u d'-P(x) by the Taylor expansion of the polynomial P. 

(Hi) Clearly~if Hi = for all |i| < iV, then iff = for all / 6 5 and hence K 
is translation- invariant and satisfies (|2.27p . Conversely, if K is translation-invariant 
and satisfies (I2.27[) , it follow from the conclusions (i) and (ii) that for every i £ U\_ 
with |i| < N, Hi is homogeneous of degree 7 — d — i g" Z and also a polynomial 
of degree at most N — |i|. Then Hi = for all i G Z+ with |i| < N because 
the homogeneous degree of any nonzero polynomial is a nonnegative integer if it is 
homogeneous. □ 



We now have all of ingredients to prove Theorem 12. Ill 

Proof of Theorem \2.11i The sufficiency follows from Corollary 12.31 and Theorem 
12.71 Now the necessity. By Lemma 12.121 there exist an integer N and tempered 
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distributions H h |i| < N, such that (|2~231) holds. Define Kf = Y,\i\< N ^T^i for 
any / G S. Then Kf is a continuous linear operator from 5 to S' and 

(2.35) If = J n f + Kf, feS. 

Moreover the linear operator K satisfies (|2.27j) and is translation- invariant by (|2.35|) , 
Theorem 12.71 and the assumption on /. Then Kf = for all / G S by Lemma[2TT3] 
This together with (|2.35|) proves the desired conclusion that I = J$i ■ □ 

2.5. Translation-invariant extensions of the linear operator iq with ad- 
ditional localization in the Fourier domain. Given a nonzero homogeneous 
function ft G C°°(R d \{0}) of degree -7, we recall from (j2~2"j) and Theorem |2~71 that 
Jo is translation-invariant and the Fourier transform of Jnf belongs to K\ when 
7 G (0, d), where 

(2.36) K x = \h: [ \h(S)\(l + \\£\\)- N d£<oo for some TV > l}. 

L JR d > 

In fact, the generalized Riesz potential Jq is the only extension of the linear oper- 
ator ici on Sea to the whole space S with the above two properties. 

Theorem 2.14. Let 7 > with 7 - d g Z + , Cl G C°°(R d \{0}) be a nonzero 
homogeneous function of degree —7, and the continuous linear operator I from S to 
S' be ail extension of the lineav operator on Sqq such that the Fourier transform 
of If belongs to K\ for all f G S. Then I is translation-invariant if and only if 
I = Jq, an d 7 G (0, d). 

Proof. The sufficiency follows from (|2.2[) and Theorem 12.71 Now we prove the 
necessity. By the assumption on the linear operator /, applying an argument similar 
to the proof of Lemma f2.12[ we can find a family of functions g\ G Ki, |i| < N, such 
that 

(2.37) r m = (/(a- £ ^e)^+£^W) 

|i|<7-d ' \i\<N 

for any Schwartz function /. This together with (12.32[) and the translation-invariance 
of the linear operator I implies that 

i|<7-dj+k=i J |i|<iVj+k=i 
|i|<7-d ' |i|<JV 

As Xo G M. d in (|2.38[) is chosen arbitrarily, we conclude that 

- 2^ ~\ — ^ n ^> + l^~\ — 9i(Q=0 for all 

|i|<7-d ' |1|<JV 

Substituting the above equation into (12.37[) , we then obtain //(£) = f° r 
all / G S. This, together with the observation that /f2 G K\ for all / G S if and 
only if 7 < d, leads to the desired conclusion that I = Jq and 7 G (0, d). □ 
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2.6. Non-integrability in the spatial domain. Let 7 > with 7 — d ^ Z+ 
and f2 G C oo (]R' i \{0}) be a nonzero homogeneous function of degree —7. For any 
Schwartz function /, there exists a positive constant C by Theorem 12.11 such that 
\Jnf(x)\ < C(l + ||x||)T- d for all x G R d . Hence J n / G £ p , 1 < p < 00, when 
7 < d(l — In this subsection, we show that the above p-integrability property 

for the generalized Riesz potential is no longer true when 7 > d(l — 1/p). 

Theorem 2.15. Let 1 < p < 00, < 7 G [d(l - 1/p), oo)\Z and Q G C°°(R d \{0}) 
&e a nonzero homogeneous function of degree —7. TTien £/iere exists a Schwartz 
function f such that Jnf $ L p . 

Letting f2(£) = ||£||~ 7 in Theorem 1 2 . 1 51 leads to the conclusion mentioned in the 
abstract: 

Corollary 2.16. Let 1 < p < 00 and d(l - 1/p) < 7 £ Z + . Tften J 7 / is not 
p-integrable for some function f G 5. 

Proof of Theorem ] 2. 15[ Let the Schwartz functions and ipi,i G Z d , be as in the 
proof of Lemma 12.131 We examine three cases to prove the theorem. 

Case I: d(l — 1/p) < 7 < min(c?, d(l — 1/p) + 1). In this case, 1 < p < 00 and 

(2.38) JnM*)= [ K(x-y)My)dy, 

by (|2.2p . where K is the inverse Fourier transform of fl. By [71 Theorems 7.1.16 
and 7.1.18], K G C°°(IR d \{0}) is a homogeneous function of order 7 — d G (— d, 0), 
which implies that 

(2.39) \&K{*)\ < CllxH 7- ^ 111 for all i G 7L% with |i| < 1. 

Using (|2.38|) and (|2.39|) . and noting that ipo G S satisfies J Rd i/>o(y)dy = 1, we 
obtain that for all x G R d with ||x|| > 1, 

|J fi Vo(x)-if(x)| < / |X(x-y)-iv(x)||0 o (y)My 
J||y||<||x||/2 

+ ( / +/ W(x-y)||Vo(y)tfy 

W||x||/2<||y||<2||x|| i2||x||<||y|| ' 

+|#(x)| / |^o(y)|dy 

• y tly||>l|x||/2 

(2.40) < Ca+Uxll)^- 1 . 

We notice that J|| X ||> 1 (1 + ||x||) (7 ~ d ~ 1)p dx < 00 and /ii x |i>i \K (x)| p dx = 00 because 
K is a nonzero homogenous function of degree 7 — d and d — p < (d — "f)p < d. The 
above two observations together with the estimate in (|2.40p prove that Jnipo $ LP , 
the desired conclusion with f = ipo. 

Case II: d < 7 < d(l — 1/p) + 1. In this case, d < p < 00 and 

(2.41) Jo^o(x) = ^ j (^j)(x) + -^^(-x) i Jo i Vo(x) 

7 |j| = l 7 |i|=l 



by taking fco = 1 in (|2.8j) . where f^i(£) = and ^i(x) = x 1 '0o(x). Let K\ 

be the inverse Fourier transform of the function Oj, |i| = 1. Noticing that 57i is 
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homogeneous of degree —7 + 1 and that J Rd (^i(x)eZx = 0, we then apply similar 
argument to the one used in establishing (|2.40p and obtain 



I J 0i (^)(x)| + I Jn^o(x) - #i(x)| < C7||x|p- d - 2 if ||x|| > 1. 



Hence 
(2.42) 



/ \JnM*) - -j- — VC-xj'lfiCxJPdx < C [ || x ||(T-d-i)P dx < 
J||x||>i d_7 |i|=i -MHI>i 



l|x||>l 

if d < p < 00 and 

(2.43) sup IJoMx) - -7— — Y (-ix) i X i (x)| < C sup Hxf-^ 1 < 00 

l|x||>l 7 |^hl I|X|1 ^ 

if p = 00. Set K(x) := X)|i|=i(~ x ) 1 Xi(x). Then K is homogeneous of degree 7 — d 
by the assumption on £1, and is not identically zero because 



jR d |.| =1 JR d I i I = 1 

/ (dn(rC) + r-nire^g^y-'drdaia 
S d-i J ar 

where g G iSoo. Thus |-f^(x)| p dx = +00 when d < p < 00, and if (x) is 

unbounded on R d \B(0, 1) when p = 00. This together with (|2~4^|) and (HOB")) 
proves that Jqi/jq g" L p and hence the desired conclusion with / = ip . 

Case III: 7 > d(l — 1/p) + 1. Let fco be the integer such that d(l — 1/p) < 
7- k < d(l - 1/p) + 1, and set f2j(f) = (i£) j ^(0, |j| = fc o- Noting that J^j(x) = 
Jf2-V'o(x)/j! and f2j is homogeneous of degree —7 + fco, we have obtained from the 
conclusions in the first two cases that Jnipj G" L p . Hence the desired conclusion 
follows by letting f = tpj with |j| = ho. □ 



2.7. Non-integrability in the Fourier domain. If 7 < d, it follows from (|2.2[) 
that for Schwartz functions / and g, ( Jn/, g) can be expressed as a weighted integral 
of g: 

(2-44) (Jaf,g)= [ HOgiOdt, 

where h(£) = (27r) _c! f2(— Ofi~ 6 ^l- I n this subsection, we show that the 
above reformulation (|2.44l) to define (Jnf,g) via a weighted integral of g cannot 
be extended to 7 > d. 

Theorem 2.17. Let 7 G (cZ, oo)\Z, 57 G C oc (M d \{0}) &e a nonzero homogeneous 
function of degree —7, and Ze£ &e defined by (|2.1[) . TTien £/iere exists a Schwartz 
function f such that the Fourier transform of Jn/ does nof belong to K\. 

Proof. Let and ?po be the Schwartz functions in the proof of Lemma 12.131 and 
let g G <Soo be so chosen that its Fourier transform g is supported in B(0, 1) and 
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satisfies L d 0(£)#(— = 1. Now we prove that JqV'o ^ -^l- Suppose on the 
contrary that JnV'o £ i^i- Then 

(27r)- d r(d- 7 ) 



{Jnipo,n d g(-/n)) 



r(d + fc - 7) Js<i- 

d )* D (^o(rr)s(-»<))drder(^) 



(2.45) — > +00 as n — > 00 
by (|2~T|) and (|23)) . On the other hand, 

|(Jo^o,«- d 5 (-/«))l = (2^)- d 



ff(-n£)Q(£)d£ = (2^)- d n 



(2.46) 



< (2^)- d ||ff||c 



JnMOgi-Odt; 
\Jniio{C)\d£, -> as n 00, 



I€I<1A 



where we have used the hypothesis that JnV'o € -ftTi to obtain the limit. The limits 
in (|2.45l) and (|2.46[) contradict each other, and hence the Fourier transform Jnipo 
does not belong to K\. □ 



2.8. Proof of Theorem [TTTJ Observe that Jq = J 7 when = and 

7 > 0, and that 

(2.47) J n = (-A)-^ 2 if 0(0 = llCir 7 and 7 < 0. 

Then the necessity holds by Theorem l2.11l while the sufficiency follows from Corol- 
lary [231 Theorem [23 and Corollary HH 

3. Integrable Riesz Potentials 

In Section [2] we have shown that the various attempts for defining a proper (inte- 
grable) Riesz potential that is translation-invariant are doomed to failure for 7 > d. 
We now proceed by providing a fix which is possible if we drop the translation- 
invariance requirement. 

Let 1 < p < co, 7 £ R, and O G C°°(R d \{0}) be a homogeneous function of 
degree —7. We define the linear operator Uq iP from S to S' with the help of the 
Fourier transform by 

(3.1) HUa, P f)(0 = (f(0- E ^r^^m, fes. 

|i|< 7 -d(l-l/p) 

We call the linear operator t/n,p a p-integrable Riesz potential associated with the 
homogenous function f2, or integrable Riesz potential for brevity, as 

(3-2) U n , P = I 7 , P if 0(OHl£ir 7 - 

Define 

(3.3) U^fW = (2n)- d [ (e*<-*>- ]T M^W-fl/m, feS. 
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If 7 satisfies < 7 < d(l — l/p), then 
(3.5) U n , P f = Jnf for all / e S. 



Hence in this case, it follows from Theorem 12.71 that Uq. p is dilation-invariant 
and translation-invariant, and a continuous extension of the linear operator in 
on the closed subspace Soo to the whole space S. Moreover Uu,pf £ L p and 
F(Un,pf) £ L q , 1 < q < p/(p — 1), for any Schwartz function / by Theorem 12. II and 
the following estimate: 



So from now on, we implicitly assume that 7 > d(l — l/p), except when mentioned 
otherwise. 

In the sequel, we investigate with the properties of the p-integrable Riesz poten- 
tial C/n,p associated with a homogenous function Q, such as dilation-invariance and 
translation- variance (Theorem 13.11) . L p /( p_1 ) -integrability in the Fourier domain 
(Corollary I3.2[) . L p -integrability in the spatial domain (Theorem 13.51 and Corollary 
I3.6|) . composition and left-inverse property (Theorem 13.31 and Corollary I3.4j) . the 
uniqueness of dilation-invariant extension of the linear operator from the closed 
subspace S^, to the whole space S with additional integrability in the spatial do- 
main and in the Fourier domain (Theorems 13.71 and 13. 8p . The above properties of 
the p-integrable Riesz potential associated with a homogenous function will be used 
to prove Theorem 11.21 in the last subsection. 

3.1. Dilation-invariance, translation-variance and integrability in the Fourier 



Theorem 3.1. Let 1 < p < 00, 7 > d(l — l/p), k\ be the integral part 0/7 — d{l — 
l/p), Q G C oo (R <i \{0}) be a nonzero homogeneous function of degree —j, and let 
Un,p be defined as in (|3.1[) . Then the following statements hold. 

(i) Uq <p is dilation-invariant. 

(ii) Uq p is not translation-invariant. 

(hi) 7/sup x6H d |/(x)|(l + ||x||) fel+d+1+e < 00 for some e > 0, then there exists 
a positive constant C independent on f such that 



(3.6) imWKOI < q sup |/(z)|(i + ||z||) fc 1 + d + 1 + e ||£|| fe ^ +1 (i + Hell)" 1 



for a//£ eR d . 

(iv) Un.p is a continuous linear operator from S to S' , and an extension of the 
operator in on the subspace Soo to the whole space S. 

As a consequence of Theorem l3.1[ we have the following result about the L p / <J '^ 1 ^- 
integrability of the Fourier transform of Uo, tP f for / G S. 

Corollary 3.2. Let 1 < p < 00 and 7 > d(l — l/p) satisfy either p = 1 or 
7 — d(l — l/p) ^ and 1 < p < 00, k\ be the integral part of 7 — d(l — l/p), 
Q G C°°(]R \{Q}) be a homogeneous function of degree —j, and let Uq. p be defined 
as in (13. ip . Then the Fourier transform ofUn iP f belongs to L p /( p_1 ) for any f G S. 



|-F(tfn, P /)(OI ^ CIKira + UWr^ 1 for all £ e R d . 



domain. 
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Proof of Theorem \3.1\ (i) Given any t > and / 6 <S, 

HUuAStfM) = *-'(/(f)- E ^(f)>(0 = *^^n,p/)(f). 

|i|<7-d+d/p 

This proves the dilation-invariance of the linear operator f/n,p- 

(mJ Suppose, on the contrary, that Un lP is translation-invariant. Then 

(3.7) m ^f^e = me- i{ *^ E ^r 1 ^ 

|i|<7— d+d/p |i|<7 — d+rf/p 

for all xo G M d and f £ S. Note that the left-hand side of equation (|3.7[) is a 
polynomial in xo by (|2.32| while its right hand side is a trigonometric function of 
Xo. Hence both sides must be identically zero, which implies that 

(3.8) n(o E ^r^ i = > ^ Rd 

|i|^7 — d+d/p 

for all / G 5. Replacing / in the above equation by the function ipo m (12.291) and 
using (I2.30|) and the assumption 7 > d(l — 1/p) leads to a contradiction. 

(Hi) By the assumption on the homogeneous function ft, |f2(£)| < C||£|| -7 . 
Then for £ G M d with ||£|| > 1, 

i^owxoi < c(n/ii 00 + 2 ii^/iiooiieii'^iieir 

|i|<fei 

-7 

,/ ||oo 1 MSN 

|i|<fei+l 

by d3U), and for £ G R d with ||£|| < 1, 

\HUo, P f)(0\ < c( E ll^7lloo)||eil fcl - 7+1 

|i|<fci+l 

by the Taylor's expansion to the function /(£) at the origin. Combining the above 
two estimates gives 

(3.9) \nu Q , p f)(o\ < c( e ii^/iioojueii^-^a+iieii)- 1 , 

|i|<fei+l 

Note that 

(3.10) II97IIOO < C / (/(xjUxll'Idx < C sup |/(z)|(l + | z |) fcl + d + 1+e 

JM d zGR d 

for all i G Z+ with |i| < k% + 1. Then the desired estimate (|3.6p follows from (13. 9[) 
and (j3~TUl) . 

(iwj By (|3.1[) and the first conclusion of this theorem, the Fourier transform of 
Un,pf is continuous on R d \{0}, and satishes 

\HUn, P fWm + U\\)' r ~ kl ~ d ~ 1 ^ < C sup |/(x)|(l + ||x||)^+ d + 2 . 

zGR d 

Hence Uq, p is a continuous linear operator from S to S' . For any / G iSoo, 5'/(0) = 
for all i G Z^. Then T{U u , v f) = ?{inf) for all / G 5^. This shows that 



< c[ E ii 9i /iioc)iieii fei - 
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Uo, lP , 1 < p < oo, is a continuous extension of the linear operator in from the 
subspace Soo C 5 to the whole space S. □ 

3.2. Composition and left-inverse of the fractional Laplacian. Direct cal- 
culation leads to 



1:1^-.. II. I j/i i /_"\ J ' 



E 

|i|<7-d(l-l/p) |j|< 7 -|k|-d(l-l/p) 



for any 7 e 1,1 < p < 00 and / G S. This together with (|3.1[) implies that 

(3.11) Un, P (d k f) = Un k , P f, for all / G 5 and k G Z*, 

where r2k(0 — (*£) k ^(£) fo r k G I n general, we have the following result about 
composition of integrable Riesz potentials. 

Theorem 3.3. Let 1 < p < 00, real numbers 71, 72 satisfy 71 > d(l — l/p) and —72 
is larger than the integral part of 71 — d(l — l/p), and let f2i, G C°°(K d \{0}) 6e 
homogenous of degree —71 and —72 respectively. Then 

(3.12) U ni , P (JnJ) = JhxnJ for all f £ S. 

As a consequence of Theorems 12.81 and 13.31 we have the following result about 
the left-inverse of the fractional Laplacian (—A) 7 / 2 . 

Corollary 3.4. Let 1 < p < 00 and 7 > satisfy either \<p<ooorp=\ 
and 7 Z_|_, and i/ie linear operator I~ hP be defined as in (|1.12|l . T/ien /, 



7,p 



IS 



a left-inverse of the fractional Laplacian (—A) 7 / 2 , i.e., 7 TP (— A) 7 / 2 / = / /or aZ/ 
/GS. 

Proof of Theorem 13.31 Let fci be the integral part of 71 — d(l — l/p). Then —72 > 

fc a by the assumption. Then F{JnJ){0 = fi 2 (0/(0 and ^(^(Jh a /)(0)lc=o = 
for any i G Z + with |i| < ki and any Schwartz function /. This implies that 
^ r (^n 1 , P (Jo 2 /))(C) is equal to 

lll< T1 -d(l-l/p) 

which is the same as J"(Jnin 2 /)(£)• Hence the equation (|3. 12|) is established. □ 

3.3. L p -integrability in the spatial domain. If 7 G (0,d(l — l/p)), then it 
follows from and Theorem O that |J7n, P /(x)| < C(l + ||x||) 7 - d , x G K d 

(hence Uu,pf G L p ) for any Schwartz function /. In this subsection, we provide a 
similar estimate for UQ tP f when 7 > d(l — l/p). 

Theorem 3.5. Let < e < 1, 1 < p < 00, 7 G [d(l — l/p),oo)\Z, fci 6e i/ie integral 
part of 7 — d(l — l/p), and 17 G C°°(R d \{0}) be a homogeneous function of degree 
-7- V 

(3.13) |/(x)| <C(l + ||x||)- (fel+1+d+e) , xeR d 
i/ien 

|%,p/(x)| < C(sup |/(z)|(l + ||z||)^+ 1 + d+£ 

(3.14) X || x ||nun(7-*i-d,0)^ 1+ || x ||jiiu«(7-*i-«l,0)-l 



fci + l+d+c^ || x _ x /||<5 
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for all x € R d , and 

\U n , P f(x)-Un, P f(x')\ < c( sup |/(z)|(l + ||z||) 

V zGK d 

(3.15) X||x|| min(7 -' £l - d - 5 ' 0) (l + || x ||)^x( 7 -/c 1 -d-5,0)-l 

/or a// x, x' e M. d with ||x - x'|| < ||x||/4, where S < min(|7 — k\— d\,e). 
As an easy consequence of Theorem 13.51 we have 



Corollary 3.6. Let 1 < p < oo, 7 > d(l - 1/p), and £1 G C°°(R d \{0}) be a 
homogeneous function of degree 7. // both 7 and 7 — d(l — 1 /p) are noi nonnegative 
integers, then Un.pf is Holder continuous on M. d \{0} and belong to LP for any 
Schwartz function f. 

Proof of Theorem \3.5[ We investigate three cases to establish the estimates in (|3.14[) 
and ([3TT5]) . 

Case I: ki + 1 — 7 < 0. Set h^(t) = f(t£). Applying Taylor's expansion to the 
function h^ gives 

s=0 ' 1- JO 

( 3.i6) = ^^fiftn) e I f &f{tm-t) ki dt. 

|i|<fei ' |j|=fei + l J ' 



Hence 
(3.17) 



(/«)- E ^C 1 )«(0= E ^(0^(0, 

I S I ^" L. * 1*1 J., 11"" 



|i|<fei |j|=fei+l' 

where = and 

(3.18) flfj(x) = (fcx + 1) f\l-t)^(- x /tyf( x /t)t- d dteL\ |j| = fe x + 1. 

Jo 

Taking inverse Fourier transform at both sides of the equation Q3.17[) yields 

(3.19) tW(x)= E -T / ^j(x-y)5j(y)dy. 

Ijl^+iJ 1 ^ 



where .Kj, |j| = ki + 1, is the inverse Fourier transform of fij. Therefore 

|cW(x)| < c t [ ||x- y p- d - fe - 1 ||yA||^+ 1 |/(yA)l^y^ 



>0 JR d 

C [ [ \\^-ty\r d - kl - 1 \\y\\ ki+1 \f(y)\dydt 

JO JR d 



< c(sup|/( Z )|(l + ||z||) fcl+1 +^) f\t+\\ X \\) 

v zGK d ' Jo 

< C( sup |/(z)|(l + || Z ||) fcl + 1 + d + e ) 

(3.20) X || x ||'nln{7-d-k 1 ,0)( 1 + || x || )max( 7 -d-/c 1 ,0)-l 



7 — d— ki — 1 
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where the first inequality holds because Kj g C°°(R d \{0}) is homogeneous of degree 
7-d-fci-le (— d, 0) [2 Theorems 7.1.16 and 7.1.18], and the second inequality 
follows from (|2.10[) . Similarly, 

|C7 n ,p/(x)-f7n, P /(x')| 



< C E / Hx-x'fUx-yllT-^-^lpjCy)!^ 

ljl= fcl+ i J ll x -y|l> 2 ll x - x 'll 



+C e / iix-yir-"-* 1 - 1 ^^)!^ 

ljl =fcl+ i J ll x -y|l< 2 ll x - x 'll 

+C E / llx'-yir^-^jCy)!^ 
| j | =fcl+ i^ll x -y|l<2|l x - x 'll 

C(sup |/(z)|(l + 



< CI sup lf(z)|(l + ||zin fel + 1+d+e llx-x'll 5 



1 z<ER d 

(3.21) x||x|| lnin tT-''- fcl -*' J(l + || x ||)»w(7-<i-fci-«.0)-i 

for all x,x' G R d with ||x - x'|| < ||x||/4, where 5 < min(e, (7 - ki - d\). Then 
the desired estimate (|3.14p and (|3 . 1 5[) follow from (|3.20l) and (|3.21[) for the case 
fci + I-7 < 0. 

Case II: ki + 1 — 7 > and ki > 1. Applying Taylor's expansion to the 
function h^(t) — f(t£), we have 



\s\^u. ■ l i l _ /_ . J * 



it. 



|i|<fci |j|=fe 



Multiplying by f2(£) both sides of the above equation and then taking the inverse 
Fourier transform, we obtain 

(3.22) %, P /(x)= E U f ^j(x-y).9j(y)dy-^j(x) / g 3 (y)dy 

where 

(3.23) 5j(x) = fci f\l-t) k ^ 1 (- x /tyf( x /t)t- d dteL\ |j|=A;i. 

Jo 



Recalling that £ C°°(R d \{0}), |j| = k\ are homogeneous of degree 7 — d — k\ € 

M,o), 

(3.24) |0»Aj(x)| < CHxir-^-UI, |i|<l. 



2(5 
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Combining {230]) , (|3~22"1) . (j3~23j) and (f3~24]) . we get 



l^n, P /(x)| < 



C E / / |Aj(x-ty)-^(x)|||y||^|/(y)|dy 



< C( sup \ f'^\'i 

^ zGR d 

xf / / i||y||||xp-' i -^- 1 (l+||y||)- rf - 1 -^ydt 

U J||y||<||x||/2 

+(i + Hxll)- 1 f f ||x- ty|r-^ fel (i + l|y||)- d - e dy^ 

•A) J||y||>||x||/2 
-1 

/O J||y||>||x||/2 



< 



+ ||x|r rf - fc i / / (l + Hyll)-^ 1 -^} 

JO J||y||>||x||/2 J 

c(sup |/(z)|(l + ||z||)^+ d + 1+e ) 



(3.25) X || x ||mm( 7 -fe 1 -d,0)( 1 + || x ||)m«(7-* 1 -«l I 0)-l j 

and 

|C/ n , P /(x)-%, p /(x')| 



< 



c E 



P|7i/0 ^||ty||<W/4 J||ty||>4||x|| J||x||/4<||ty||<4||x|| 

|Aj(x - ty) - Aj(x) - Aj(x' - ty) + /fj(x')|||y|| fcl |/(y)|dy 
< C(sup|/( z )|(l + ||z||)^+ d+1+e ) J] |ll x - x 'H" 



Ul=*l 

x / f tllyllllxir^-^a + llylD-^-^y^ + llx-x'H 5 

JO J||ty||<||x||/4 

/ f (M^- d - s + \\y\r kl - d - s )(l + WyWr^dydt 

10 A||y||>4||x|| 



X 



+ / / (\K S {* ~ ty) - Xj(x' - ty)\ + |Aj(x) - Kj(x)| 

JO 7||x||/4<||ty||<4||x|| V 

(1 + \\ X \\/t)- d - 1 - e dydt] 
(3.26) < C( sup |/(z)|(l + Hzll)*^^) ||x - x'f ||x|p-*-*- a (l + H)" 1 . 



Then the desired estimates (|3.14p and p,15[) are proved in the case that fci+1— 7 > 
and fci > 1. 

Case III: fej + 1 — 7 > and fej = 0. In this case, 7 G (0, 1) and 
(3.27) Uajfix) = [ (K( x - y) - *T(x))/(y)dy 
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where K is the inverse Fourier transform of f2(£). Then, by applying the argument 
used in establishing ()3.25p . we have 



|tW(x)| < C(sup |/(z)|(l + 



z , n d + l+e 



/ t||y||||x|r-« , - 1 (l+||y||)-«'- 1 - e dy 
'lly||<l|x||/2 



+ (l+l|x||)- 1 I ||x-y|r d (l + ||y||)- d - £ dy 

•'l|y||>l|x||/2 

+hW (i + llyll)-"- 1 - 8 ^} 

■'l|y||>l|x||/2 J 
(3.28) < C( sup |/(z)|(l + ||z||) d + 1+e ) ||x|r- d (l + Hxll)- 1 , 



|I7n, P /(x) - E/q >p /(x')| 

< 



and 



!|y||<l|x||/4 J||y||>4|| X || J||x||/4<||y||<4||x|| 

\K(x - y) - K(x) - #(x' - y) + tf(x')||/(y)|dy 
(3.29) < C( sup |/(z)|(l + ||z||)^+ d + 1+t ) ||x - x'|| 5 ||x||-v- d - 5 (l + ||x||)- \ 

which yields the desired estimates (13.141) and (|3.15p for k\ + 1 — 7 > and k\ = 
0. □ 



3.4. Unique dilation-invariant extension of the linear operator in with 
additional integrability in the spatial domain. We now show that Un tP is the 
only dilation-invariant extension of the linear operator from the subspace S^, to 
the whole space S such that its image is contained in L p . 

Theorem 3.7. Let 1 < p < 00, 7 > have the property that both 7 and 7 — <i(l — 
1/p) are not nonnegative integers, fl E C°°(R d \{0}) be a nonzero homogeneous 
function of degree —7, and the linear map I from S to S' be a homogeneous ex- 
tension of the linear operator Iq on Sqo . Then If belongs to LP for any Schwartz 
function f if and only if I = Uq jP . 

Proof. The sufficiency follows from (|3.1[) and Theorems 11.11 and 12.11 for 7 < d(l — 
1/p), and from (|3. II) . Theorem 13.11 and Corollary 13.61 for 7 > d(l — 1/p). Now the 
necessity. By the assumption on the linear operator / from S to iS', similar to the 
argument used in Lemma l2.12[ we can find an integer N and tempered distributions 
Hi, |i| < N, such that 

(3.30) // = Ua, P f + ^jr^#i for a11 feS - 

\i\<N 

Replacing / in (f3T30|) by Vj in (|2~29|) and using (pOU]) gives that ffj/j! = J-0j - 
Un, P tpj- Hence 



(3.31) 
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by Corollary 13.61 and the assumption on the linear map I. By (|3.30j) . Theorem 13. II 
and the assumption on the linear operator /, (7 — Un, P )(Stf) = t~ 1 5 t {{I — Un tP )f) 
for all / G S. Hence Hj is homogeneous of order 7 — d — |j| by Lemma \2. 131 This 
together with (|3"3Tj) implies that H- } = for all j G %\ with |j| < N. The desired 
conclusion I = Uq, p then follows. □ 



3.5. Unique dilation-invariant extension of the linear operator with 
additional integrability in the Fourier domain. In this subsection, we char- 
acterize all those dilation-invariant extensions I of the linear operator in on the 
subspace Soo to the whole space S such that If is q-integrable for any Schwartz 
function /. 

Theorem 3.8. Let 1 < q < 00, 7 G [d/q, oo)\Z and Q e C°°(K d \{0}) &e a nonzero 
homogeneous function of degree —7, and the linear map I from S to S' be a dilation- 
invariant extension of the linear operator in on Soo- Then the following statements 
hold. 

(i) If 1 < Q < °0; then the Fourier transform of If belongs to L q for any 
Schwartz function f if and only if 7 — d/q ^ Z + and I = Uo, t q/(q-x) ■ 

(ii) If q — 00 and 7 G" Z + , then the Fourier transform of If belongs to L°° for 
any Schwartz function f if and only if I = Uq^. 

(iii) If q = 00 and 7 G Z + . then the Fourier transform of If belongs to L°° for 
any Schwartz function f if and only if 

(3.32) /?(o = Q(0+ £ 

|i|=-7 

for some bounded homogeneous functions gi, |i| = —7, of degree 0. 

Proof, (i) The sufficiency follows from Theorem 13.11 and Corollary 13.21 Now we 
prove the necessity. As every g-integrable function belong to K\, similar to the 
argument used in the proof of Lemma |2.12[ we can find functions g\ G K±, i < N, 
such that 

(3-33) 7/(0 = ^hj/KO+J^O. 

|i| < AT 

Let G 1\ be defined as in (|2.29p . Replacing / by tpj with |j| < N and using 
(TOOT) gives 

i|<-7-<i/g 



(3.34) 



5r(0(O-l)fi(O+flj(O if|j|<7-d/g, 
£#flfi(fl+a(0 if|j|>7-d/g- 



Note that ^ - 1)0(0 e i? whcn |j| < 7 - and §^(£M0 G ^ p when 
|j| > 7 — d/g. This, together with (|3.34[) and the assumption that Iipj G L q , proves 
that 

(3.35) jjGL« foralljGZ^ with 7 - ^ |j| < AT. 
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By the homogeneous property of the linear map /, the functions <?i, |i| < N, are 
homogeneous of degree —7 + |i|, i.e., 

(3.36) gi(t£) = ^ 7+|i| 3i(C), for all t > 0. 

Combining (|3 . 35[) and (|3.36|l proves that gj = for all j G with 7 — d/q ^ 

|j| < AT, and the desired conclusion //(£) = F(JJn 9 /( 9 -i)/)(0 f° r ah / € S when 
y-d/q£Z + . 

Now it suffices to prove that 7 — d/q Z+. Suppose on the contrary that 
7 — d/q G Z + . Then l<g<ooas7^Z. By (|3.34j) and the assumption on the 
linear map /, we have 



for all j G Zl with |j| = 7 — d/q. This, together with (|3.36|) and the fact that the 
support supp^ of the function is a bounded set, implies that <?j(£) — £ j ^(0/j- = 
for all j G 1 d + with |j| = 7 — d/g. By substituting the above equality for g- } into 
(|3.34j) we obtain 

(3.37) ?^(o = mem/v 

for all j G Zl with |j| = j — d/q. This leads to a contradiction, as Iipj(£) G L 9 by the 
assumption on the linear map I, and <?K£)£ j n(£)/,j! ^ ^ 9 by direction computation. 

(««) and (mj The necessity is true by (|3.32[) and Theorem 13. 1[ while the suffi- 
ciency follows from (|3.33j) - (|3.36|) . □ 



3.6. Proof of Theorem 11.21 The conclusions in Theorem 11.21 follow easily from 
(|2~47l) . (|3~2l) . Theorem [3/7] and Corollary EH 

4. Sparse Stochastic Processes 

In this section, we will prove Theorem II .31 and fully characterize the generalized 
random process P 7 w, which is a solution of the stochastic partial differential equa- 
tion (|1.3p . In particular, we provide its characteristic functional and its pointwise 
evaluation. 

4.1. Proof of Theorem 11.31 To prove Theorem 1 1 . 31 we recall the Levy continu- 
ity theorem, and a fundamental theorem about the characteristic functional of a 
generalized random process. 

Lemma 4.1. ([5]) Let £fc,fc >1, be a sequence of random variables whose charac- 
teristic functions are denoted by fik(t)- If lhxifc_ ! . oc /Lt&(i) = (J<oo(t) for some contin- 
uous function /ioo (t) on the real line, then converges to a random variable £oo in 
distribution whose characteristic function E(e _l *^=°) is Hoo(t). 

In the study of generalized random processes, the characteristic functional plays 
a similar role to the characteristic function of a random variable [5]. The idea is 
to formally specify a generalized random process $ by its characteristic functional 
Z§, given by 

(4.1) 2*(/):=E(e- i *W)= [ e~ ix dP[x), f G V, 

Js. 
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where P(x) denotes the probability that $(/) < x. For instance, we can show (|14j) 
that the characteristic functional Z w of the white Poisson noise (|1.13|) is given by 

(4.2) Z w (f) = exp (A / / ( e -^W - l)dP(a)dx) , / e V. 

V JR d JR 7 

The characteristic functional Z$ of a generalized random process $ is a functional 
from 2? to C that is continuous and positive-definite, and satisfies Z$(0) — 1. Here 
the continuity of a functional i from 2? to C means that limfc_ ! . 00 L(fk) = L(f) if 
fk £ 2? tends to / G 2? in the topology of the space D, while a functional L from 
2? to C is said to be positive- definite if 

n 

(4.3) £ - f k )cfc k > 

for any /i, . . . , /« 6 D and any complex numbers ci, . . . , c n . The remarkable aspect 
of the theory of generalized random processes is that specification of Z$ is sufficient 
to define a process in a consistent and unambiguous way. This is stated in the 
fundamental Minlos-Bochner theorem. 

Theorem 4.2. ([6]) Let L be a positive-definite continuous functional on T> such 
that L(0) = 1. Then there exists a generalized random process $ whose char- 
acteristic functional is L. Moreover for any f\,...,f n £ T>, we may take the 
positive measure P(x%, . . . , x n ) as the distribution function of the random variable 
i>(/i), . . . , $(/n) } where the Fourier transform of the positive measure P(x\, . . . , x n ) 
is L(y 1 f 1 H h y n f n ), i.e., 

Hyifi + ■ • ■ + Unfn) = J exp(-i(xiyi + . . . + x n y n ))dP(xi, . . . , x n ). 

We are now ready to prove Theorem 11.31 

Proof of Theorem \1.3[ Let N > 1 and <p be a C°° function supported in B(0,2) 
and taking the value one in P(0, 1). For any / 6 T>, define a sequence of random 
variables $ 7 ,tv(/) associated with / by 

(4-4) $-yAf) ■= afe¥>(x fe /A0/ 7 ,i/(x fc ), 

fc 

where the a^'s are i.i.d. random variables with probability distribution P(a), and 
where the x^'s are random point locations in R n which are mutually independent 
and follow a spatial Poisson distribution with Poisson parameter A > 0. We will 
show that 3> 7 ,jv, N > 1, define a sequence of generalized random processes, whose 
limit P-yiv(f) := J2 k afcl 7i i(/)(xfc) is a solution of the stochastic partial differential 
equation (|1.3[) . 

As 93 is a continuous function supported on B(0, 2), 

(4.5) $ 7 ,iv(/)= ^ a fe ^(x fe /iV)/ 7 , 1 /(x fc ). 

x fc eS(0,2AT) 

Recall that / 7 1/ is continuous on M d \{0} by Corollary 13.61 Then the summation 
of the right-hand side of (|4.5|) is well-defined whenever there are finitely many x^ in 
P(0, 27V) with none of them belonging to P(0, e), e > 0. Note that the probability 
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that at least one of X& lies in the small neighbor B(0, e) is equal to 

y e -A|fl(0,«)| (4g(0^|r = j _ e -A|B(0,e)| ^ as £ 
n=l 

We then conclude that <& 7i jv(/) is well-defined and $ 7i jv(/) < oo with probability 
one. 

Denote the characteristic function of the random variable <J? 7i jv(/) by E lt M,f{t): 
E 1 , NJ {t) = E^ - ***"^) = E^ 1 *^^). 
Applying the same technique as in [121 Appendix B], we can show that 
(4.6) E 7 . NJ (t) =exp ( / / ( e -^WJV)/ 7ll /(x) _ ^p^A 

Moreover, the functional E 7 ^j(t) is continuous about t by the dominated conver- 
gence theorem, because 



-mt V (x/JV)7 7 , 1 /(x) _ 1 



< |a||*||/ 7jl /(x)| 



and 



y y |a||7 7i i/(x)|dP(a)dx= ( y |a|dP(a)) x (J |J 7il /(x)|dx) < oo 



by Corollary 13.61 and the assumption on the distribution P. 

Clearly the random variable <fr 7) jv(/) is linear about / £ V; i.e., 

(4.7) $ 7 ,Ar(a/ + /3. 9 ) =a$ 7iW (/)+/3$ 7iW ( 5 ) for all f,g £T> and a, /3 e M. 

For any sequence of functions in T> that converges to /oo in the topology of T>, it 
follows from Theorem 13.51 and Corollary 13.61 that lim^^o ||/ 7) i/k — / 7 ,i/oo||i = 0. 
Therefore 



< 



(4.8) 



e - 4 a^(x/A')/ T , 1 / 00 (x) _ !) d p( a ) d> 

|t| ( \a\dP{a))(J ^ p(x/JV)|J 7 ,i/ fc (x) - Zy.x/oofxJIdjc) 
as fc — )■ oo, 



which implies that the characteristic function of $ 7j jv(/fc) converges to the con- 
tinuous characteristic function of 3> 7 ,jv(/oo)- Hence the random variable $ 7 ,jv(/fc) 
converges to $ 7 ,Ar(/oo) by Lemma [4.11 which in turn implies that $ 7 ,iv is continuous 
on D. 
Set 



(4.9) 



Lj,N\f) — ^7,JV,/(1)- 
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For any sequence ci, 1 < I < n, of complex numbers and 1 < I < n, of functions 
in V, 



L jMfl - h' Yici' = e( X! ' "'" J " ' r «r 



^ -j*7,Jv(/(-/i') 

Kl,l'<n 'Ll' = l 



(4.10) = E(|^ C; 



e -**-r,Jv(/() 



2\ 

>o, 



which implies that £ 7) jv is positive-definite. By Theorem 14.21 we conclude that 
$ 7i jv defines a generalized random process with characteristic functional i 7i jv- 

Now we consider the limit of the above family of generalized random processes 
Q-t.NiN > 1. By CorollaryE^l I 7>1 / is integrable for all / € V. Then 

(4.11) ^lim E^ NJ (t) = exp [J J (e" Mt/ T,i/W _ l)dP(a)dxJ =: E 7 j(t). 

Clearly E 1 j(Q) = 1 and E 1 j(t) is continuous as J 7j i(/) is integrable. Therefore by 
Lemma |4~T1 $ 7 ,./v(/) converges to a random variable, which is denoted by P 7 (/) := 
afc/ 7i i/(xfe), in distribution. 
As / 7 ,i/ is a continuous map from 2? to L , then lim; i: _ ! . 00 ||/ 7 .i/fc — ^7,1/00 II 1 = 
whenever converges to / in D. Hence 

f [ ( e -*»«r.i/*M „ i)dP( )djt 

7R d JR 



< t 



i|dP(a)) ( / |J 7 ,i/ fc (x) - J^i/ooCxJIdx: 
7 K Jw 



(4.12) -> as k -> 00, 

which implies that the characteristic function of P 1 (fk) converges to the charac- 
teristic function of P 7 (/oo) (which is also continuous), and hence P 1 (fk) converges 
to P 7 (/oo) in distribution by Lemma 14.11 From the above argument, we see that 
P-y(f) is continuous about / G V. 

Define i 7 (/) = E 1)f (i). From (j4"Tu]) and (|4TTTj) . we see that 

(4.13) V" L 7 (/; - fv)ciW = lim V] L l N (fi-fi')ciW>0 

l<l,l'<n l<l,l'<n 

for any sequence q, 1 < Z < n, of complex numbers and 1 < Z < n, of functions 
in T>. Therefore by Theorem 14.21 P 7 w defines a generalized random process with 
its characteristic functional given by 

(4.14) Z P ^ w (f) = exp ( / / ( e -**».i/(*) - l)dP(a)dx) . 

□ 



4.2. Pointwise evaluation. In this section, we consider the pointwise character- 
ization of the generalized random process PjW. 
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Theorem 4.3. Let 7, A, P(a), P 7 u> be as in Theorem \1.3\ and J 7) i be defined as in 
(|TT2]l . TTiera 

(4.15) P 7 w(yo) := Jim P 7 u;(sfjv, yo ) 

iv— >oo 

is a random variable for every yo £ R d whose characteristic function is given by 

(4.16) E(e^* p ^ (yn) ) = exp(A j f ( e - iatH ™ (x) - l)dxdP(a)) , i G K, 



where g G 2? satisfies J Rd <?(x)<ix — 1, gjv,y ( x ) = N d g(N(?c — yo)), and 

|i|<7 



(4-17) ^(f)=(e*^-E 11*11" 



An interpretation is that the random variable P 7 u>(yo) in (|4. 1 5[) and its charac- 
teristic function E(e _4 * PT,1 '' yo - 1 ) in (|4.16p correspond formally to setting / = 5(-—yo) 
(the delta distribution) in (|1.18[) and (11.191) . respectively. 

To prove Theorem 14.31 we need a technical lemma. 

Lemma 4.4. Let 7 be a positive non-integer number, g G £> satisfy J„ d <?(x)<ix = 1, 
and H yo be defined in (14. 17)) . Then 

(4.18) lim ||/ 7 ,i5iv,y„ -Pyolli =0 

for all y G R d , where g N ,y (x) = N d g{N{yi - y )). 

Proof. Let K } be the inverse Fourier transform of (i£) J |£ || -7 an d &i be the integral 
part of the positive non-integer number 7. Then from the argument in the proof of 
Theorem 13.51 
(4.19) 

= { E| J |=* 1 ^/o( A j( x - t y)-- K j( x ))(-y) J ( 1 - t ) fcl ~ ld * iffc i^ 

A (x - y) - K (x) if fci = 0. 



Therefore for yo ^ 0, 

||^ 7 ,l9JV,y - -Hyo 111 

^ C E / / / |(Kj(x-ty)-Aj(x))yi 

... , JR d JO rt J 

-(Kj(x - iy ) - i^ j (x))y J || gj v !yo (y)|dydt(ix 



' C E / // l^j(x-ty)-^j(x-tyo)|||y|| fcl |.9^y„(y)|dy^x 
+C E / / / l^j(x-tyo)-^j(x)||y j -y J || ffJ v, yo (y)|rfy^x 

... , JR d JO JR d 
|j|=*i 

< c / / Wly-yolir-^dlyoll^ + lly-yoll* 1 )^^)!^ 

Jo 

+c T / (tllyolir-^dlyoll^-ly-yoll + lly-yof^l^yoCy)!^ 

JO JK d 

->• as A -> 00 
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if ki > 1, and 

\\I-f,l9N,y a - H yo \\l 

< 



/ / l-Ko(x-y) - K (x-y )\\g Nt y (y)dydx 
< I (I l^o(x-y) - A o (x-y )Mx 

JW V -/|| x -y||>2||y-y || 

+ / \K (x - y)| + |if (x - y )Mx) \g N . yo (y)\dy 

J||x-y||<2l|y-y n || ' 



l|x-y||<2||y-y 

< CN d f ||y-yo|r|g(iV(y-yo))|dy 



= CN~ 



[ ||zp|.g(z)|rfz ->• asiV^O, 

JR d 



if fei = 0. This shows that (|3~T5Jl for y 7^ 0. 

The limit in (|4. 18[) for yo = can be proved by using a similar argument, the 
detail of which arc omitted here. □ 



Proof of Theorem \4-3\ By Lemma 14.41 and the dominated convergence theorem, 
(4.20) 

lim / f ( e -»«7,iSf,yoW -l)dP(a)dx= [ f ( e ^« ffl ™(") _ l)dP(a)dx 

for all igl. Moreover as H yo is integrable from Corollary 13.61 and Lemma l4~4"l the 
function L d J R (e~" latI ~>- lHy o( x ' > — l)dP(a)dx is continuous about t. Therefore ()4.15p 
and (|4.16p follows from Lemma l4Tl □ 
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